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Structure of Molten Bismuth- 
Copper Alloys by Means of 
Thermal Neutron Diffraction in 
the Momentum Range of 
H: > 1 A-’ 
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SIEGFRIED STEEB 
Max-Planck-lnstitut fur Metallforschung, lnstitut fur Werkstoffwissenschaften, Stuttgafl, 
Western Germany 

(Received April 12. 1976) 

Conventional diffraction experiments using thermal neutrons were performed in the range 
of momentum transfer between 1 A-1  and 8 over the total concentration range of the 
Bi-Cu system. The coherent differential scattering cross section of each liquid alloy was 
determined and compared with models. The structure of the molten pure elements copper 
and bismuth as well as of those alloys containing only 10 or 20 at. % of the second component 
can be described by hard-sphere models. 

The alloys in the concentration range between 30 and 70 at. % Cu differ clearly from 
this model; their experimental scattering cross sections in the range of the first intensity 
maximum always vary between the extreme models of macroscopic segregation and random 
distribution of the atoms. 

Using the Fourier transform of the total structure factors of the alloys as well as of the 
pure components, the nearest neighbour distance and the coordination number were deter- 
mined. The concentration dependence of the nearest-neighbour distance doesn’t give clear 
evidence with regard to the atomic arrangement. The number of atoms in the first coordina- 
tion sphere, however, differs distinctly from that of the random distribution. From this 
difference it can be deduced that molten Bi-Cu-alloys show a tendency to segregation. 

tPart of the thesis work of W. Zaiss, University of Stuttgart, 1975. 
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1 INTRODUCTION 

W .  ZAISS AND S. STEEB 

In recent years structural analysis of binary liquid alloys was extended 
mainly to systems showing some particular structural properties I .  

The first group covers the compound-forming systems with intermetallic 
compounds in the solid state. These exhibit some short-range order in the 
liquid state, as can be concluded from the so-called premaxima in the 
intensity curves, observed for the first time with the Mg-Sn system2 and 
often reported since then (Li-Pb3, for example). 

The second group covers systems with a tendency to segregation. The 
homogeneous phase of these liquids shows a certain degree of segregation 
within atomic dimensions: in the melts of these binary alloys so-called 
clusters exist which contain mainly atoms of the samespecies. These clusters 
give rise to scattering in the range of small momentum transfer such that 
the intensity increases towards the position of the primary beam. As 
examples the Al-Sn4, Al-In5, and Na-Li6 systems should be mentioned. 

According to Sauerwald', molten alloys of the Bi-Cu systemshould show 
a tendency to segregation. From the behaviour of the structure factor, the 
magnetic susceptibility, and the electrical resistivity in connection with 
model calculations, Takeuchi et aL8 came to the conclusion that the atoms 
of different kinds are distributed randomly in these liquid alloys. 

From measurements of the velocity of sound and density of the Bi-Cu 
system the partial structure factors could be determined for the long- 
wavelength limit in Ref.9. As a consequence of these studies it could be 
shown that inhomogeneities must exist in these melts. 

During the present work the structure of molten Bi-Cu alloys was investi- 
gated over the entire concentration range by means of conventional neutron 
diffraction. Another investigation'O in which scattering experimznts with 
cold neutrons were performed in the momentum range K < 1,5 A-' to get 
information about the size and the concentration of the inhomogenities sup- 
posed in Ref.9 should be mentioned. 

2 THEORETICAL FRAMEWORK 

Scattering of neutrons from an ensemble of N atoms, where the energy ross 
or gain of the radiation due to thermal excitations must be considered, is 
described in the first Born approximation by the double differential scatter- 
ing cross section per atom'': 
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THERMAL NEUTRON STUDY OF BISMUTH-COPPER ALLOYS 3 

with f i ~ .  = momentum transfer to the scattering system 
k, = magnitude of the wave vector of the scattered neutrons 
k, = magnitude of the wave vector of incoming neutrons 

Also,' a,, is the scattering length of the nucleus n at the position r, ; cn (t) is 
a timedependent position vector and (. . . . .) means thermal average for 
the scattering system, The interaction between the scattering system and 
scattered radiation, e.g. between nucleus and neutron, is described only by 
the scattering-lengths, yet the cross section is determined by correlations in 
space and time between the scattering centres. 

In the case of the quasielastic approximation", integration of Eq. (1) 
yields: 

==const. 

In the quasielastic approximation, the energy E, of the incoming neutrons 
is much larger than the energy transfer 50 to the scattering system. There- 
fore, k, = k, and IC = - ' 7 r  sin '. The scattering angle between incoming and 

scattered radiation is 28, A,, being the wavelength of incoming neutrons. 
The scattering lengths a, and an,, depend on the Glative orientation of 

nuclear and neutron spin and are different for the individual isotopes of one 
element. Since generally the isotopes as well as the different spin orienta- 
tions are distributed randomly in the sample, the cross section is separated 
into a coherent and an incoherent part: 

A0 

The incoherent part is calculated in Eq. (4): 

with c , , ~  = atomic concentration of element 1,2 
= incoherent scattering cross section of element 1,2 gm,,  

In the case of a binary liquid, e.g. of an isotropic scattering system, the 
differential coherent scattering cross section is calculated as follows: 

sin icr m -1 = c,c,(b, - bz)2 + (b)Z [g(r) - 13. 4zrZ - dn COH Icr 
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4 

with b,,2 = coherent scattering length of element 1,2 

W. ZAISS AND S.  STEEB 

<b> = clb,  + c2b2 
Dh4.NL 

P O = - -  - - average atomic density 
A 

D, = macroscopic density of the molten alloy 
N, = Avogadro's number - 
A = average atomic weight of the alloy 

g(r) = total pair correlation function 
The first term in Eq. ( 5 )  represents the so-called Laue monotonic scatter- 

ing and is nonzero for alloys containing more than one element withdifferent 
coherent scattering lengths. The total structure factor I(K) is obtained from 
Eq. (5): 

%ImH - clc2(b, - b,)Z 

<bY 
I ( K )  = 

Following Faber and Ziman 1 3 ,  I(K) is defined by 

The partial structure factors qj(z) describe respectively the scattering con- 
tribution of the i-j pairs to the total structure factor. 

Using the Fourier transform the total pair correlation function g(r) = 
p(r)/po and therefore the radial density function p(r) isobtained fromEq. (6). 
The curve of g(r) versus r yields the radius r, of the first coordination sphere, 
whereas from the shape of the atomic distribution function 4xrzp(r) the co- 
ordination number N, of the first sphere can be calculated. It should be 
stressed that the coordination number N,, the distance r, the total structure 
factor I(K) as well as the total pair correlation function g(r) are still depen- 
dent on the radiation used during the scattering experiment. 

3 EXPERIMENTAL OUTLINE 

The diffraction experiments were performed with thermal neutrons (do = 
1.2 A) at the Research Reactor FR2 of the Kernforschungszentrum Karls- 
ruhe using a neutron diffractometer which is described in detail in Ref.I4. 

The cylindrical specimen was centered in a high-temperature scattering 
furnace providing a temperature at the sample of up to 1300°C with a 
variation of ? 1 O C in a vacuum of torr. The current in the vacuum heat- 
ing tube was about 400 amp using a high-current transformer. Neutrons were 
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THERMAL NEUTRON STUDY OF BISMUTH-COPPER ALLOYS 5 

detected in four BF, counters installed on a detector carriage with a fixed 
distance of 20 = 15". The apparatus works automatically by tape control in 
steps of 0.2" in the region 5" < 28 < 120". The neutron flux amounts to 
6. lo6 nlsec.cmz at the sample. The measuring time per sample was about 
16-18 hours at a constant monitor preselection of lo6 pulses, the statistical 
error being less than 2%. 

The samples were investigated at temperatures 20" C above the liquidus, 
and to correct for absorption their transmission had to be determined. To 
calculate the background scattering, the intensity of the empty cell and the 
cell filled with cd had to be measured. The geometry of installation was un- 
changed for all measurements. 

Eleven specimens were prepared for the diffraction experiments, namely 
the pure elements Bi and Cu as well as nine alloys with concentrations at 
equal intervals over the total concentration range of the Bi-Cu system. As 
initial substances, copper (99.9%, granulated) and arsenic-free Bi were used. 
The specimens were melted in a vacuum induction furnace and cast in a 
graphite mold with a diameter of 8 mm and height of 70 mm. Then the 
specimens were refined in methanol by ultrasonics and sealed in evacuated 
silicon tubes. After performation of the diffraction experiments, the speci- 
mens were analyzed by means of X-ray fluoresence. The deviation from the 
weighted original sample was always less than 1 %. To evaluate the measure- 
ments, scattering lengths and scattering cross sections of Bi and Cu were 
needed (see Table 1). 

The background scattering IB consists of two parts: the background 
scattering of the surroundings, and the background scattering of the furnace 
and the cell. The intensity IK(~), corrected for background scattering and for 
absorption in the specimen, can be described as follows: 

I&,(K) stands for the measured intensity of the molten sample; IB(lt) is the 
total background scatteringI8. "A" is the absorption coefficient, which is 

TABLE I 

Scattering lengths and scattering cross sections for Bi and Cu 

dimension Bi cu reference 

b cm 0.852 0.76 15 

UINC cm* - 0.58 16 

u~~~ cm2 0.02 2.2 17 
(A,  = 1.08 b;) 
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6 W .  ZAISS AND S. STEEB 

defined in Ref.I9 and depends on 26 and the product R Z. Ristheradius of 
the sample and ;S is called the attenuation coefficient, which was determined 
directly from transmission experiments. A correction for multiple scattering 
was performed following Blech and Averbach’O, the scattering cross section 
for multiple scattering being defined as follows: 

The coefficient 6 is tabulated in Ref.20 for different R/h ratios as a function 
of R-Z. “h” is defined as the height of the incoming neutron beam at the 
sample, usc is calculated according to Eq. (10): 

with uABs = cross section of absorption (see Table 1). 
A correction for inelastic effects (Placzekz’) could be neglected for the 

present combination of Bi and Cu. The calculated intensity I, is related to 
the differential coherent scattering cross section by Eq. (1 1): 

The normalization coefficient pN is defined in Q. (12), using the method of 
Kxogh-Moe 22 : 

with (bZ) = c,b: + c,b:. 
value is used as the upper integration limit. 

Since the diffraction experiments can only be performed up to tcMAX, this 

4 RESULTS AND DISCUSSION 

1 

Figs. l a  and lb show the intensity pattern of the elements Bi and Cu on an 
absolute scale in the momentum range I A - ’  < K < 8 & I .  The values of b2, 
to which the curves are normalized, are also plotted. The intensity curve of 
pure Bi at 800” C has its first maximum at tcM = 2.2 R-l, in agreement with 

The pure elements Bi and Cu 
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I j , , , , , , , 

,: 
& 

1 2 3 4 5 6 7 8 r3 -11- 
FIGURE la  Molten Bi: Coherent scattering cross section. 
-T = 800°C; 0 T = 300°C according to Ref.24; 
--0--0 Hard Sphere Model. 

cu 

FIGURE 1 b Molten Cu: Coherent scattering cross section, 

--0--0 H.-S. Model. 
T = 1100°C; 
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8 W .  ZAISS AND S. STEEB 

the results of X-ray diffraction measurements from I s h e r w o ~ d ~ ~  at 670" C.  In 
contrast to the measurements at 300"C, the maxima and minima are not 
so strong because of the thermal motion of atoms. The additional maximum 
at IC = 2.82 A-l ,  which was observed in Ref.z3 just above the melting point 
has nearly fully vanished at a temperature of 800°C. This significantpro- 
perty of the intensity pattern is always observed in the intensity curve of 
liquid antimony. According to Ref.zs, this effect is explained by the fact that 
covalent bonds occur in these liquids in addition to the metallic bond. 

The coherent scattering cross section of liquid Cu is in agreement with 
the results inla. The intensity pattern has its first maximum at rc = 3.0w-', 

its height d.1 = 1.39 barn/atom is in agreement withdata from WasedaZ6. 
dfi M . ... 

In Figs. l a  and lb the experimental values for -1 are compared 
dfi con 

with those of a hard-sphere model, calculated according to Ashcroft and 
LeknerZ7 and plotted in these figures with dashed lines. 

For liquid Bi at 800" C the best fit could be obtained with a diameter of 
2.95 8, for the hard spheres and a packing density of 34%. These values 
are in agreement with data from Isherw~od~'. Differences between experi- 
ment and hard-sphere model appear in the range of the additional maximum 
mentioned above. This part of the intensity pattern cannot be described with 
the model of randomly distributed hard spheres. 

The best fit for molten Cu was obtained with a diameter of 2.25 8, and 
a packing density of 46%. As shown in Fig. lb, the differences between the 
experimental and calculated curves increase with increasing rc-values. The 
oscillations of the calculated curve are less damped and more displaced the 
greater the K-values are. These differences in rc-space are caused by the 
fact that in real space at certain atomic distances the hard-sphere potential 
deviates appreciably from the real potential of the atoms in the melt. 

2 Alloys of the Bi-Cu system 

In Figs. 2a to 2i the experimental values of the coherent scattering cross 
section, normalized by Eq. 1 l), are plotted for several alloys in the momen- 

represented by horizontal lines. 
The position of the first intensity maximum of the alloys with 90 and 80 

at.% Bi and with 90 and 80 at.% Cu, respectively, is the same as with the 
corresponding pure elements, but the height of the first maximum decreases 
with increasing concentration of the second component. The coherent 
scattering cross sections of the alloys with 30,40,50, and 60 at.% Cu show 
first intensity maxima, each of which consists of two partial maxima. A 
similar splitting of the first maximum of the intensity pattern was also 

tum range 1 K - l  < rc < 8 8, - - I  on an absolute scale. The values of (b2) are 
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Bi -20 Cu 
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Bi -30 Cu 

B 
-4 
$12 

500 - 

2 3 4 5 6 7 6 
x [ l - l ]  - - O i  

FIGURE 2a-2c Bi-Cu system: Coherent scattering cross section. 
-experimental; --0-- H.-S. Model; 
_. _. - Total segregation. 
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2 3 4 5 6 7 6 
x [A -7-9 

Bi-60Cu 

FIGURE 2d-2f Bi-Cu system: Coherent scattering cross section. 
-experimental; -0- H.-S. Model; 
_. _. - Total segregation. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
5
9
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



2 3 4 5 6 7 8L 
x [A -!l- 

ot 1 

Bi -8OCu 
t 
1 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
5
9
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



THERMAL NEUTRON STUDY OF BISMUTH-COPPER ALLOYS 13 

Bi-mcu 

FIGURE 2g-2i Bi-Cu system: Coherent scattering cross section. 
-experimental; 
--0-- H.-S, Model. 

observed in Ref.’* in the Cu-Sb system in the concentration range between 
52 and 80 at.% Sb. 

2a Comparison of the experimental intensity curves with two 
models 

In the following sections a and /? the experimental coherent scattering cross 
sections will be compared with the model of complete segregation, on the 
one hand, and with a hard-sphere model for binary liquid mixtures, on the 
other. 

a Model of total segregation 

As pointed out in Ref.z*, the splitting of the first intensity maximum is 
typical for binary melts showing a tendency to segregation. To estimate the 
degree of segregation, a coherent scattering cross section is defined for 
total segregation; this can be calculated from the cross sections of the pure 
elements as follows: 
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14 W. ZAISS AND S. STEEB 

The intensity curves for complete segregation - I IoH were calculated 

for the alloys between 30 and 60 at.% Cu, and they are plotted in Figs. 2c-f 
with dash-dotted lines. The clear splitting of the first maximum of the 
intensity curves into two interference maxima corresponding to Cu-Cu or 
Bi-Bi atomic distances is due to the difference of the atomic radii of Cu and 

Bi (rcu = 1.28 A, rBi = 1.82 A). The splitting of the first maximum into two 
partial maxima becomes very distinct for the concentrations where the Cu 
and the Bi atoms contribute almost equally to the intensity. The two partial 
maxima show the same height for the alloy containing 40 at.% Cu. For 
the alloy containing 50 at.% Cu the partial maximum corresponding to the 
Cu-Cu distance already dominates, even though the scattering length of 
Bi is greater than the scattering length of Cu (Figs. 2d and 2e). 

The experimental values, compared with those calculated for complete 
segregation, show that the splitting of the first intensity maximum in two 
partial maxima is only weak. This fact can be explained by the existence of 
“mixed” distances between Cu and Bi atoms, which, of course, are always 
present within the melt if there is no total segregation. The intensity maxima 
corresponding to these “mixed distances” are placed between the intensity 
maxima of the pure elements. The smearing of the splitting of the first 
intensity maximum can be explained in that complete segregation is reduced 
in favour of short-range segregation at the atomic level. This phenomena 
will be treated in detail in another paperlo. 

p Hard-sphere model 

According to Eq. (7), the scattering power of a binary liquid alloy is 
described completely by the three partial structure factors a,,(&), aZ2(‘c), 
a,,(&), which can be calculated in the hard-sphere approximation follow- 
ing Ashcroft and Langreth’O. The corresponding parameters are obtained 
from the pure elements. Using Eq. (6)  and (7) the coherent scattering cross 
section was determined and plotted in Figs. 2a-i. 

It follows that the measured intensity of the alloys containing 90 and 
80 at.% Cu can be described by a random mixture of hard spheres. The 
coherent cross section of the alloys containing 10 and 20 at.% Cu are in 
agreement with the results of the hard-sphere model; in the momentum 
range of the first intensity maximum there is rather good agreement but in 
the range K > 4 8, -‘ deviations between experiment and hard-sphere model 
are found. In the concentration range between 30 and 70 at.% Cu the 
coherent scattering cross section cannot be described by the hard-sphere 
model (Figs. 2c-g): in the range ofthe main maximum, theintensity patterns 
always lie between the extreme conceptions of complete segregation and 
statistical distribution. 
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THERMAL NEUTRON STUDY OF BISMUTH-COPPER ALLOYS 15 

2, 

2*01 ' 20 ' 40 
60 ' 80 ' 1 
at.% Bi - cu 

FIGURE 3 Bi-Cu system: Position of main maximum. 
0 present work; partial maximum at K = 3.0 k1 

present work; partial maximum at K = 2.2 A-1 
A exp. according to Ref.*. 
o calculated according to H . 4 .  Model. 

2b. 

In Fig. 3 the position rc, of the main intensity maximum is plotted versus the 
Bi concentration. The positions of the partial maxima (0, W )  are nearly in- 
dependent of concentration. Values of rcM(P)for alloys containing 70 and 35 
at.% Cu were given already in8 and are in agreement with those of the present 
work. In Fig. 3 the values of ~ ~ ( 0 )  according to the hard-sphere model are 
plotted with a dashed line. The shape of this curve differs from the statistical 
line which would appear if the two species of atoms had the same scattering 
power. 

2c. 

The values of the radius r, of the first coordination sphere were taken from 
the total pair correlation function g(r) and are plotted in Fig. 4 versus the Bi 
concentration. The values of the pure elements are r y  = 2.55 8, and rp = 
3.27 A, in agreement with values given in To calculate the radius 
r, for several models, the atomic distances which occur in the alloy have to 
be weighted according to the concentration and scattering power of the cor- 

Main maximum of the intensity curves 

Radius r, of the first coordination sphere 
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16 W. ZAISS AND S. STEEB 

responding species of atoms3'. In the case of complete segregation, the 
radius rT is defined as follows: 

with r; , r: and N,1, N: = radius r, and coordination number N, of the pure 
element 1,2. 

In the case of random distribution of the atoms, the radius r,is calculated 
from Q. (15) using for the mixed distance ri*2 the relation ripz = (r; + r:)/2: 

c 
3.1 - 

3.0 - 

2.9- 

2.8 - 

2.7- 

c,b,r; + c,b,rf 
(b) 

rs = 

I,,,,,,,,. 
2S 20 40 60 80 I 

at. Ye Bi - cu 

FIGURE 4 Bi-Cu system: Radius rI of the first coordination sphere. 
---- Statistical distribution (rs) 
_._. Total segregation (TT) 
o exp. 
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THERMAL NEUTRON STUDY OF BISMUTH-COPPER ALLOYS 17 

From Eqs. (14) and (15) it follows that the difference Ar is: 

It is clear that the values of Ar can be greater or less than zero depending 
on the values of b,N; and r;. Thus in systems with a tendency to segregation, 
the experimental values rI can lie above or below of the curve calculated ac- 
cording to Eq. (15) for the statistical distribution. 

For the Bi-Cu system it follows that bB,NB1 < bc,NCU, r? > rf". The experi- 
mental values of rI thus should be below the curve calculated for rs if these 
melts show a tendency to segregation. In Fig. 4 the radii rT and rs are also 
plotted versus the Bi concentration. From Eq. (16) the maximum calculated 
value of Ar is 0.03 8, with the experimental error for the determination of rI 
being 0.05 8,. The observed values for rI lie above as well as below the curve 
for the statistical distribution of the atoms of both kinds. Regarding the 
experimental error, it cannot be deduced from Fig. 4 that liquid Bi-Cu alloys 
are melts with a tendency to segregation. Finally, it should be mentioned 
that in the AI-III~~ and Al-Sn33 systems the experimental values of r, lie above 
the statistical curve. 

2d. 

The calculation of the area below the first maximum of the atomic distribu- 
tion function was performed by using the tangent method3'. The values of 
N, thus obtained are plotted in Fig. 5 versus the Bi concentration. The 
coordination numbers of the pure elements are N P  = 9.8 and NP = 7.5 at 
800"C, in good agreement with values of Refs.**J3. The dashed line in Fig. 5 
represents the curve expected for the case when the atoms occur in the first 
coordination sphere in a statistical distribution appropriate to their concen- 
tration ratio. As shown in Fig. 5 ,  the alloys with 90 and 80 at.% Bi and Cu 
respectively exhibit random distribution of atoms within experimental error. 
The alloys in the concentration range between 30 and 70 at.% Bi however, 
show a considerable positive deviation from the statistical line. According 
to Ref.', it follows that the melts of the Bi-Cu system show a tendency to 
segregation in this concentration range. The tendency to segregation derived 
in the present work for molten Bi-Cu alloys will be investigated in more 
detail in Ref.'O, where the size, composition and concentration of the 
segregated regions will be determined. At this point Ref.IB should be 
mentioned once more, where calculations were performed for the 
electrical resistivity of molten Bi-Cu alloys over the entire concentration 
range on the basis of a statistical distribution of the Bi and Cu atoms. The 
assumption of the hard-sphere model in the concentration range between 
30 and 70 at.% Cu is not justified on the basis of the results of the present 
work. 

Number of atoms N, in the first coordination sphere 
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